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The dexivation is shown of generalized quantities called integroforms, 
with the aid of which: a) variable coefficients are eliminated from 
differential equations and boundary conditions; b) one may derive the 
integral invariants of reciprocal similarity (or identity) transforma- 
tions "as a whole" for recta-constant phenomena of a given class. 

Methods of quan t i t a t ive  d e s c r i p t i o n  of phenomena  
a s s o c i a t e d  with cons t ancy  of p h y s i c a l  coe f f i c i en t s  w = 
= cons t  ( "cons tan t  phenomena"  [6]), a r e  c o m p a r a t i v e l y  
wel l  developed.  He re  we may  r e l a t e  both the  me thods  
of c l a s s i c a l  m a t h e m a t i c s ,  fo r  e x a m p l e  the  t h e o r y  of 
d i f f e r e n t i a l  equa t ions  in p a r t i a l  d e r i v a t i v e s ,  and a l so  
me thods  of the t h e o r y  of c l a s s i c a l  s i m i l a r i t y  and s i m -  
u la t ion  [11]. The above  me thods  a r e  u s u a l l y  not app l i -  
cab le  [1-10]  to d e s c r i p t i o n  of phenomena  a s s o c i a t e d  
with v a r i a t i o n  of coe f f i c i en t s  w ~ cons t  ( " m e t a - c o n -  
s tan t  phenomena"  [6, 10]). No g e n e r a l  t h e o r y  e x i s t s  
for  so lu t ion  of the above equat ions  wi th  w ~ const .  

On the b a s i s  of the i deas  unde r ly ing  d i f f e r e n t i a l  and 
i n t e g r a l  c a l cu lus  and d i f f e r en t i a l  g e o m e t r y ,  it  has  
p roved  p o s s i b l e  to d e v i s e  a method  of  f inding a s y s t e m  
U z of i n t e g r a l  f o r m s  (the method  of Z i n t e g r o f o r m s ) .  
R e p r e s e n t a t i o n  of the ob j ec t s  of s y s t e m  U z by a " s e c -  
onda ry  in fo rma t ion"  s y s t e m ,  r e p l a c i n g  the " p r i m a r y  
i n fo rma t ion"  s y s t e m  Uq (see,  f o r  e x a m p l e ,  [10]), 
l e a d s  to an a p p r e c i a b l e  g e n e r a l i z a t i o n  of the  d e s c r i p -  
t ion of m e t a - c o n s t a n t  ob j ec t s  [1-10] .  The i n t e g r o f o r m s  
Z a r e  s y n t h e s i z e d  th rough  " a n a l y s i s  of s m a l l  d i m e n -  
s ions"  [5-10] ,  fol lowed by t r a n s i t i o n  to a n a l y s i s  of 
d i m e n s i o n s  which a r e  " i n t e g r a l  as  a whole"  [1-10] .  
In quan t i t a t ive  d e s c r i p t i o n  of m e t a - c o n s t a n t  ob j e c t s  
the  i n t e g r o f o r m s  can s e r v e  to ach ieve  two p u r p o s e s :  
1) de r i va t i on  of the i n v a r i a n t s  B = inva r  (d imens ion -  
l e s s  i n t e g r o f o r m s )  of g e n e r a l i z e d  mode l ing ;  2) e l i m i n -  
at ion of the v a r i a b l e  coe f f i c i en t s  co ~ cons t  f r o m  the 
d i f f e r en t i a l  equa t ions  and the boundary  condi t ions  [ 1 -  

lOl. 
We give some  e x a m p l e s  below to i l l u s t r a t e  the  ap -  

p l i ca t ion  of the method  of i n t e g r o f o r m s  to a g e n e r a l i z e d  
d e s c r i p t i o n  of m e t a - c o n s t a n t  phenomena  of hea t  con-  
duct ion and of hea t  and m a s s  t r a n s f e r .  

M e t a - c o n s t a n t  phenomena  of hea t  conduct ion in a 
so l id  a r e  d e s c r i b e d  by the we l l -known F o u r i e r  equa-  
t ion 

OT 
Cv ~ div 0,grad T), (1) 

Ot 

in w h i c h  w e  a s s u m e  that  

ICvl = IQ/PTI, IM = IQ'ItTI, Cv = pl, a = k/Cv, 

Cv = l i T ( x ,  y,  z; t I j =  [~(x, y, z; t )4:  const. 

~.= (t~[T(x, !l. z ; t ) l = t h ( x ,  y, z; t ) ~ c o n s i ,  (2) 

whe re  Q is  the  amount  of heat ;  C V is  the vo lume s p e c -  
i f ic  heat .  

A n a l y s i s  of  ~local  s i m i l a r i t y  n [5 -10]  l e a d s  to d e r -  
iva t ion  of the  i n v a r i a n t  bFo  for  s m a l l  s c a l e  s i m i l a r -  
it y: 

bvo= {d(~dT)}(dl)  = {d(LdT)}(adt)  (3) 
Cv (dXp) z (dT) { dxp } 3 (k dT) ' 

o r  

bvo -~ I d ( d X r ) } ( d X t )  = invar, (4) 
(dxp) 2 (dXr ) 

where  on the s m a l l  s c a l e  we make  the subs t i tu t ion  

dXT = ~, dT, dX t = adt. (5) 

Hence,  going on to examina t ion  " o v e r - a l l "  [1-10] ,  
the  phenomena  of r e c t a - c o n s t a n t  hea t  conduct ion m a y  
be d e s e r i b e d  by a s y s t e m  of quan t i t i e s  of only the fo l -  
lowing t h r e e  types :  

p~3 

Ux = Xr  U X t U u  xp, (6) 

whe re  the s e c o n d a r y  in fo rma t ion  v a r i a b l e s  a r e  r e -  
ta ined ,  t h e s e  being the i n t e g r o f o r m s  

Xr  = f ~ dTl, (7) 
IT} 

Xt = ,I _ adlr (8) 
{t) 

Turn ing  now to d e s c r i p t i o n  of phenomena  by d i f f e r -  
en t ia l  equa t ions ,  we see  that ,  us ing  (6), we may  r e -  
p l a c e  (1) by the equat ion 

O X r / O X t = A X r ( x  , y, z; Xt), (9) 

which is amenab le  to solut ion by known methods .  
An impor t an t  point  is  that  the t heo ry  of i n t e g r o -  

f o r m s  g ives  a g e n e r a l  method of f inding the i n t e g r o -  
f o r m s ,  such as ,  fo r  example ,  XT, Xt, etc.  [4-10] .  

The i n v e r s e  t r a n s i t i o n  f r o m  the s y s t e m  U x to the 
p r i m a r y  in fo rma t ion  s y s t e m ,  fo r  example  

p.-3 

U o = T U C v U ~ . U t U  U x v (10) 
p=l 

c o n s i s t s  of t r a n s f o r m a t i o n s  fol lowing i m m e d i a t e l y  
f rom the dX e x p r e s s i o n s .  F o r  e x a m p l e ,  a cco rd ing  to 
(5), we have 

Xt(t, is) X T IT, re) 

' - - / : " =  S a - ' d X t , ,  T - - T o =  !r  ~'--1 dXrt '  (11) 
Xt(tD X r ,) 
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The r e s u l t  of (3) and (4), which is the o r i g i n a l  in 
the  t r a n s f o r m a t i o n  of (1) to (9), is  a l so  a b a s i c  and 
g e n e r a l i z e d  mode l ing  of hea t  conduct ion phenomena .  

In the  s p e c i a l  c a s e  when 02 = cons t ,  we have,  f r o m  
(1), the we l l -known inva r i an t  of c l a s s i c a l  s i m i l a r i t y  

Fo = at1-2 = invar. (12) 

With w ~ cons t  in c a s e  (2), we find, f r o m  (4) o r  (9) 
the i n t e g r a l  i nva r i an t  [4, 6] 

BFo = Xt l-2 = invar. ( 1 3 )  

The solut ion of the hea t  conduct ion p r o b l e m  in the ex -  
ample  given wil l  have the  f o r m  

XT --~ Xr (Bvo U BF), (14) 

whe re  the B F mus t  be found f rom the boundary  cond i -  
t ions .  

If 
3 

co ~ o~ (T U t U U x , ] ,  (15) 
I 

we obta in  the BFo,  for  examp le  in the fo rm [6] 

= i'] t'lj" aTr'dT~} -1:'2dl'}-2 d x =  invar. (16) Bro 
b), i,~ ,r, 

When ~ -: w(x, y, z;t) we obta in  

BFo = );,(it,[ ial-'adl,) d'r = invar. (17) 

Continuing the t r a n s f o r m a t i o n  given in [15], in the  
ea se  

a ~ a(x. y, z; t) ----- a, (x, y. z) a t(t) (18) 

we obtain 

Bvo = !fft(tO dtl @)t" a-' dxp,j =invar .  (19) 

As an example  of so lu t ion  of (9) we sha l l  ex a mine  
the o n e - d i m e n s i o n a l  p r o b l e m  of p ropaga t i on  of hea t  in 
a p l a n e - p a r a l l e l  s l ab :  

c,. aT ~ ( X(T) OT ) 
0----7- = o---;-, , ~ ; Z (o, x) -- r0(~); 

- x ( r ) - ~ x  , ,=o=f(t), --~.(r) = 0 .  (20) 

Accord ing  to (6)-(8) ,  we r educe  the given s y s t e m  to 
the  g e n e r a l i z e d  f o r m :  

OX---L = 02X-----Lr; Xr(0, x)=Xro(X);  
OX t c)x 2 

dXr I OXr = 

Ox x=o = ~ (Xl), ~ x  x=h 0. 
(21) 

In t roducing  the a rgumen t  X -- B~,~ 2 = xX -1/2, we have 
the o r d i n a r y  d i f f e r en t i a l  equat ion 

d"Xr X dXr 
' O, (22) 

dXj : 2 dX 

whose  solut ion ,  expanding  (14), is  

x u dXr I 
Xr = 2u,, I exp [- -  (X1/2)~1 dX1/2, o = -~---/0 = const, (23) 

k. 

w h e r e  u 0 is  d e t e r m i n e d  by the bounda ry  condi t ions .  
In a o n e - d i m e n s i o n a l  d i f fus ion p r o e e s s ,  d e s c r i b e d  

by  the ana logous  s y s t e m  

OC d {D (c) OC } 
Ot -- Ox ~ , c (o, x) = ~ (x), 

- - D ( C )  O_C ] = f ( , ) ,  _ O__~C _=o, (24) 
dx l x=O DX x~h 

r e p l a c e m e n t  by the g e n e r a l i z e d  s y s t e m  

OXc O~Xc - Xc (0, x) = Xc, (x), 
OX t dx 2 ' 

8Xc x=0=*(Xt) '  OXc x=h---0' (25) 

Xc -- ,f. DdC,, X, = ~ Ddt,, 
(C) (t) 

y i e l d s  the  so lu t ion  s i m i l a r l y  (D is  the d i f fus ion  c o -  
eff ic ient) .  

To d e s c r i b e  a hea t  and m a s s  t r a n s f e r  p r o c e s s  in a 
c a p i l l a r y - p o r o u s  subs t ance  we have the we l l -known 
Lykov s y s t e m  of equa t ions ,  which,  wi th  some  changes ,  
m a y  be w r i t t e n  in the  f o r m  [17] 

O(pcT) = div(~.gradT)WE'~ O(cdPO) , (26) 
at at 

O(pc a O) -- div (gfl grad T + ~qgrad 0). (27) 
Ot 

We sha l l  t ake  the  in i t i a l  cond i t ions ,  as  in [17], for  ex -  
ample ,  to be 

T(x, y, z; 0 ) =  To = const, 

O(x, y, z; 0 ) =  Oo= const, (28) 

and the bounda ry  condi t ions  at the  point  XF on the 
bounda ry  F L  of r eg ion  L, in which the phenomenon 
o c c u r s ,  a s  in [17], for  e x a m p l e ,  to be 

~.f 8T(Z~, t) +hF{T~T(ZF, t ) } - -  
On 

- -  (1 - -  Ev) ~ % e p  {O(xt,, /)--Ome} = 0, (29) 

o 0 (ZF, t) aT (Ze, t) 
X@ On + Xd~ On + 

+ adp { 0 (Zp, t) - -  O~p } = 0. (30) 

In the  o n e - d i m e n s i o n a l  c a s e ,  fo r  e xa mp le  that  of a 
p l a n e - p a r a l l e l  s lab ,  the g r a d i e n t s  of the funct ions  in 
(26) and (27) a r e  r e p l a c e d  by p a r t i a l  d e r i v a t i v e s  with 
r e s p e c t  to x; in (29) and (30) the d e r i v a t i v e s  with r e -  
s p e c t  to the n o r m a l  a r e  r e p l a c e d  by d e r i v a t i v e s  with 
r e s p e c t  to x, while  the po in ts  X F a r e  r e p l a c e d  d i -  
r e c t l y  by the c oo rd ina t e  x = 0 on one p lane ,  and by x = 
= 10 = cons t  on the o ther .  
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A n a l y s i s  of the  s i m i l a r i t y  of such phenomena ,  both  
with w ~ eons t ,  and with  0~ = eons t ,  l e a d s  to  fou r  in -  
v a r i a n t s  fo r  the  i n t e rna l  po in t s  X L E L and to e ight  in -  
v a r i a n t s  at  the  po in ts  X F on the bounda ry  p l an e s .  In 
a l l  h e r e  t h e r e  a r e  4 + 8, i . e . ,  12 i n v a r i a n t s  ( c r i t e r -  
ia) of s i m i l a r i t y .  As m a y  be  seen ,  the s y s t e m  (26) -  
(30) is  c o m p l i c a t e d ,  not only fo r  f inding an a n a l y t i c a l  
so lu t ion ,  but  a l so  fo r  a n a l y s i s  of s i m i l a r i t y  and of 
model ing .  We sha l l  t h e r e f o r e  r e p l a c e  th i s  s y s t e m  by 
the s y m m e t r i c a l  g e n e r a l i z e d  s y s t e m  

OXlr/Ot =--divqre(x , y, z; t), (31) 

OX]o/Ot = - -  div %r  (x, y, z; t), (32) 

in which the  o p e r a t o r  div  app l i e s  to the  v e c t o r  f luxes  

- -  qro ~ grad X4ro, - -qor  = grad Xor, (33) 

w h e r e  qTO is  the  hea t  f lux,  [qT@] = [X/m2" see] ,  q|  
i s  the m a s s  flux, and [q| = kg /m2"  see .  

T h e r e f o r e ,  

OXl~/Ot ~ A Xor (x, y, z; t), (34) 

OXlr/Ot = A X4ro(x, y, z; t), (35) 

w h e r e  the g e n e r a l i z e d  v a r i a b l e s ,  i n t e g r o f o r m s  of  X, 
a r e  

X~ro = X2r + X3r + X3e, Xor = Xr~ + X2o, 

S d(C r), x,o= S 
(H) (~)  iT) 

j' = .I z , e ; d o , .  
IT) (0) 

X , 6 =  ~ Xa~dT, X , o =  i ~.,dO,. (36) 
(r) { ) 

Knowing (33), we may  a lso  f o r m u l a t e  the  g e n e r a l -  
ized  s y m m e t r i c a l  boundary  condi t ions ,  of the  second  
kind,  fo r  e x a m p l e  

~qro(XF,  t)=OX4ro/On, - - q o r ( Z f  t )=  OX~r/On (37) 

o r  of the t h i r d  kind 

dX4Tof 
On a F (X~.rom - -  X4T.F), 

(38) 
OX~r F 

On - adr (X~ --  Xorm)" 

In o n e - d i m e n s i o n a l  p r o b l e m s ,  (34) and (35) a r e  
t r a n s f o r m e d  to the fo rm 

OXlr 02X4rs OXio 02Xor 
Ot Ox 2 ' Ot Ox ~ , (39) 

while  in the  boundary  condi t ions  (37) and (38), the de -  
r i v a t i v e s  with r e s p e c t  to the n o r m a l  a r e  r e p l a c e d  by 
d e r i v a t i v e s  with r e s p e c t  to x, and the po in t s  X F a r e  
r e p l a c e d  by coo rd ina t e  x. 

A n a l y s i s  of the s i m i l a r i t y  of the m e t a - c o n s t a n t  
phenomena  under  examina t ion ,  which a r e  d e s c r i b e d  
by the s y s t e m  (34)-(37) o r  (34)-(36) and (38), l e ads  
to the i nva r i an t s  B = invar  of g e n e r a l i z e d  mode l ing ,  

the  n u m b e r  of which is  now d imin i she d  by a f a c t o r  of 
two r e l a t i v e  to the  p r i m a r y  in fo rma t ion  s y s t e m  (28)-  
(30). Thus,  in l ieu of the  fou r  i n v a r i a n t s  fo r  the  i n t e r -  
na l  po in ts  X L E L we now have only two i n v a r i a n t s ,  
BF0 and B F i  , which in the  mos t  g e n e r a l  c a s e  have  the 
f o r m  

(t) ( ) (Xp~) 
(40) 

(XITO) 

(0 ( ( ) ~%) 

Noting tha t  XtT = H - H0, XtO = M - M0, H 0 = cons t ,  
M 0 = cons t ,  and a s s u m i n g  that  E, s depend weak ly  on 
M = PCd@, we obtain ,  a f t e r  t r a n s f o r m a t i o n s  

B F o = S {  S i . f  . ,-t/2 }-2 ~r dTl l dx m d x = invar, (42) 
(t) (Xp) (T) 

= .f { .f I .f 
(t) (xp) 1~) 

- Ms) d O, I d �9 = i . w r .  (43) 

w h e r e  ,IJ = (X + 2AdEn) (H - H0) -1. In the s p e c i a l  
c a s e ,  when r does  not depend on x, y,  z, t ,  we obtain,  
fo r  e x a m p l e  

t ! ~ d T l = i n v a r ,  (44) BFo = ~ ( ) 

t P 
BFi = -~- (~)'o ~,a (M - -  Mo)-' d 01 = invar. (45) 

If w depends  only on x, y, z, t ,  we obtain,  f o r  e x a m p l e ,  

} _2 

Bv~ = ! { cx!) iadl-V"-dxp, } -2 dx = invar. (47) 

F r o m  (37) and (38), t ak ing  into account  that  a d e -  
pends  only on X, we find the bounda ry  i n t e g r a l  invar i -  
ants 

Brllr = l{ !" qr~ dX4ro }-1 __ invar, (48) 

BFI]O = I {Sq;-r I dXor }-t = invar, (49) 

or ,  fo r  e x a m p l e ,  

BFmr = l { ~ a71 IX, to, , , -  X4roF}-t dX4ro} - t  = invar, (50) 

Brat]. I ~ "a-~ { XorF-- Xorm }-1 dXor }-t = invar, (51) I I tF 

i. e . ,  only two i nva r i a n t s  fo r  the given type  of bound-  
a ry  condi t ions .  
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If the  quan t i t i e s  XaT@, X@T ' XlT , Xl@ , t ,  1 s a t i s f y  a 
g roup  of s i m i l a r  t r a n s f o r m a t i o n s  on the whole,  then we 
find the i nva r i an t s  of th i s  g roup  in the s i m p l e s t  f o r m  
to be 

t X4ro 
Bvo - -  -- invar, 

l"- Xlr (52) 

t Xor 
BFi =_v - -  -- invar 

l ~ Xlo 

and s i m i l a r l y ,  f o r  example ,  

BFirr = lqro X~rlo - invar, 

Bpno = lqor Xgr l = invar. (53) 

Thus,  fo r  m e t a - c o n s t a n t  phenomena  of hea t  and 
m a s s  t r a n s f e r ,  the  s y s t e m  of g e n e r a l i z e d  d i f f e r e n t i a l  
equa t ions  and bounda ry  condi t ions  tha t  has  been  found 
a l lows us to d e s c r i b e  the  phenomena  be ing  mode l e d  at 
the  in t e rna l  uoints  X L E L by  only two in t eg ra l  i n v a r -  

an t s  B F o  ' B F i  , and at  the bounda ry  of the  s u r f a c e  F L ,  
by the  o the r  two i n t e g r a l  i nva r i an t s  B F T  , BF@ , o r  by  
the four  i nva r i an t s  BFT1, BF| , BFT2, BF| 2 when 
t h e r e  a r e  two bounda ry  s u r f a c e s  (for example ,  with 
two p a r a l l e l  p lanes}.  T h e r e f o r e ,  the to ta l  n u m b e r  of 
i n t e g r a l  i nva r i an t s  h e r e  i s  2 + 2  = 4 ,  o r 2  + 4  = 6 ,  in- 
s t ead  of 4 + 4 = 8, o r  4 + 8 = 12 i n v a r i a n t s ,  r e q u i r e d  
fo r  the p r i m a r y  s y s t e m  (26)-(30) .  The a s s e m b l y  of 
i n v a r i a n t s  d e r i v e d  m a y  s e r v e  as  a b a s i s  f o r  the c o r -  
r e spond ing  e m p i r i c a l  i nves t iga t ions  in spec i f i c  p r o b -  
l e m s  of me t aeons t an t  phenomena  of hea t  and m a s s  
t r a n s f e r .  
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